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Table 1 Comparison of accuracy and computational effort for
simulation with different time steps and orders of

polynomials interpolation
Zero-order

Time step simulation
r, s
0.020
0.015
0.010
0.005

Error
116.445
88.972
60.151
30.352

Mflops
2.735
3.641
5.465

10.925

First-order
simulation

Error
25.643
15.721
8.140
3.027

Mflops
2.872
3.820
5.729

11.443

Second-order
simulation

Error
15.669
8.743
4.823
2.337

Mflops
3.013
4.005
6.001

11.977

expected. Note that first-order simulations result in better accu-
racy than zero-order simulations at smaller time steps. Although
the reduction in computational error from zero-order simulations to
first-order simulations is significant, the improvement in accuracy
from first-order simulations to second-order simulations is smaller.
Moreover, a comparison of the flop counts shows that there is a small
computational overhead in using higher order simulations. However,
the computational effort for a higher order simulation is less than
that for simulation with the same order of polynomial interpolation
with a smaller time step.

This study shows that significant increase in solution accuracy can
be achieved by using first- or second-order interpolations between
the input samples as opposed to zero-order hold discretizations. In
general, the benefits achieved by polynomial interpolation depend
on the time step size, the dynamic model being simulated, and the
frequency content of the input. Further, the advantages seem to taper
off for higher order polynomial interpolations; therefore, it is advis-
able to use smaller time steps rather than higher order polynomial
interpolations beyond second-order interpolation for better solution
accuracy.

Conclusions
This Note presents a computationally efficient approach for sim-

ulation of linear time-invariant systems, with polynomial interpola-
tion between input samples. Explicit expressions have been devel-
oped for such simulations, and efficient techniques for computation
of the matrix integrals required in these expressions are presented.
Numerical simulations were presented for comparing accuracy and
computational effort involved with various time step sizes and for
different orders of polynomial interpolation. It is concluded that
polynomial interpolation between input samples leads to significant
improvement in solution accuracy over the usual zero-order hold
discretization for LTI simulations.
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Introduction

M ODERN tactical aircraft are being designed with many more
than the classical three sets of control effectors (ailerons,

elevator, and rudder). The next generation of highly maneuverable
airplanes are projected to have as many as 20 primary flight control
effectors. These controls will all be constrained to certain limits,
determined by the physical geometry of the control actuators or in
some cases by aerodynamic considerations. The effective allocation,
or blending, of these controls to achieve specific objectives is the
control allocation problem.

The geometry of the constrained control allocation problem was
developed in Ref. 1. In Ref. 2 we described a means of determin-
ing the subset of attainable moments, yielding a description of the
boundary that contained the necessary information for the determi-
nation of controls in the allocation problem. The method presented
in Ref. 2, although offering the advantage of generality, was ad-
mittedly complicated and difficult to implement. For the control
allocation problems of particular interest, such generality is not re-
quired, and a simpler method of determining the attainable moment
subset is available. That method is the subject of this Note.

The problem statement and nomenclature used in this note may
be found in Refs. 1 and 2.

Method
Subset of Constrained Controls

First, consider the subset of constrained controls, O. Its m-
dimensional bounding surface, 3(17), is made up of rectangular
two-dimensional surfaces, each of which corresponds to a given
pair of controls varying within their constraints, whereas all other
controls are at one or the other of their constraining values. Since
there are m — 2 other such controls, and each of these other con-
trols may assume one of two values, there are thus 2m~2 surfaces,
or facets, corresponding to a given pair of controls. These 2m~2

surfaces are all parallel in the m-dimensional control space.
For example, if there are three controls (m = 3), say simple

aileron, rudder, and horizontal tail, the constrained control subset is
a simple box in three-dimensional space. There are two (2m~2 = 2)
facets of the box for each combination of the three controls taken
two at a time.

If we use the horizontal tail differentially, then with the left and
right horizontal tails considered as separate controls, there are four
controls (m = 4). In this case the subset of constrained controls
is a four-dimensional hypercube that is bounded by eight three-
dimensional cubes made up of 24 facets. With some imagination,
one may sketch two three-dimensional boxes next to each other and
connect all the corresponding vertices. This is the two-dimensional
projection of the four-dimensional hypercube, in which one may
visualize parallel facets occurring in groups of four.

This example could be continued by adding more controls, but
our ability to visualize these higher dimensional spaces becomes
strained. Suffice to say that, in considering the facets generated by
considering the controls in pairs, there are 2/n~2 such facets, all of
which are parallel. Collectively, all of the facets in 17 comprise 3 ($1).
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Fig. 1 Subset of attainable moments.

Subset of Attainable Moments
The set of all moments is given by m = Bu. The subset of

attainable moments, $, is B times all the constrained controls, or
3> = {m \ m = Bu, u e ft}. Because B is a linear operator, the
boundary of the attainable moments subset, 9(<I>), is a subset of the
image of the boundary of the constrained controls subset, 9 (ft), or

C Bu*. Since 9 (ft) is made up of all of the facets of ft, then
is made up of the images of some subset of the facets of ft. In

other words, if we consider all of the images of the facets of ft and
can then decide which of these are on the boundary of 4>, then we
will have completely determined the boundary 9(4>).

To illustrate this idea, consider Fig. 1, che subset of attainable
moments that results from four controls with deflection limits of ± 1
unit, and the B matrix:

D __

f 0.2 -0.2 0.8 0.1-
-0.5 -0.5 -1.0 0.0

L-0.3 0.3 -0.4 -0.5.
(1)

Although it is not important to this example, it may help the
discussion if we identify the rows of B with rolling, pitching, and
yawing moment coefficients and the columns with left-horizontal
tail, right-horizontal tail, ailerons, and rudder. (Neither this B matrix
nor the control limits are representative of any real airplane; they
were chosen arbitrarily for purposes of illustration.)

To the point of this discussion, all of the mutually parallel facets
of the four-dimensional subset of constrained controls are mutually
parallel faces of Fig. 1, since we have performed a linear transfor-
mation. Considering any four such facets, it is clear that, unless they
project to the same plane in Fig. 1, only two of the four can be on the
boundary of the figure shown. None of the faces in question will be
coplanar if we require that every 3 x 3 submatrix of B is of rank 3.
Four mutually parallel faces have been shaded in Fig. 1 to illustrate
this. In Fig. 1, we can easily visualize that the lower left and upper
right shaded faces will be on the boundary and that the other two
will lie in the interior of the shape. In general, for a given pair of
controls, there will be 2'"~2 such parallel faces, and only two will
be on the boundary.

We seek a simple rule for deciding which two are on the boundary.
Consider a line through the origin that is perpendicular to the 2m~2

faces under consideration. The two faces that are on the boundary are
therefore those for which the magnitude of the moment vector in the
direction of this line are a minimum and a maximum. The problem
therefore reduces to a linear minimization/maximization problem
with hard constraints on the variables. The method of solution is as
follows: We will first perform a pure rotation transformation of the
coordinates in moment space to align one axis with the perpendicular
to the faces in question and then determine from the transformed B
matrix what controls yield the maximum and the minimum along
this axis.

Solution
We seek first to align one of the three axes in moment space

with the perpendicular to the faces under consideration. For sake of
discussion let us choose to examine the faces corresponding to the
left and right horizontal tails and to rotate the C/ axis to the direction

perpendicular to these faces. Consider some 3 x 3 transformation
matrix T that rotates the coordinates in moment space as desired.
Since we are concerned only with the C/ axis, we only need the first
row of T. Call this first row (as a row vector) t — [t\ t^ t{\, and
partition B as column vectors, v/: B = [vi : v2 : v3 : v4], where
v,- = {u/i, v/2. Via)7".

The first row of TB is then [tv\ : tv2 : tv^ : tv4]. In order for this
transformation to align the C/ axis with the perpendicular to the faces
formed by the first two controls, we must have ̂ i = 0, tv2 = 0. This
gives us two equations for the three unknowns in t, so we arbitrarily
assign a value to one of the three unknowns, say £3, and calculate
the other two according to

f f l 1 _

\t2\ \_ V2\V22
Ul3 (2)

In our example, this results in

f f i l [ 0.2 -0.5 -
|f2}--[-0.2 -0.5 J

-0.3
0.3

f 1.51
- 10.0

If we wished, we could pick f3 to make \t\ = 1, but that is not
needed. We note here that, if the matrix inverse does not exist, this
just means that £3 = 0, and we proceed accordingly. We select
f3 = 1,^= [1.5 0.0 1.0], and tB = [0.0 0.0 0.8 -0.35].

To determine what values of aileron and rudder yield the mini-
mum and maximum values of moment along this new direction, we
simply note the signs of the nonzero terms in tB. The third entry
(corresponding to ailerons) is positive, and the fourth (correspond-
ing to rudder) is negative. Therefore, the maximum occurs when the
ailerons are at their greatest positive value (+1) and the rudder at its
greatest negative value (—1). The minimum, of course, is just the
opposite. Based on this, we begin our construction of the boundary
of the attainable moment subset by selecting the two facets we have
identified.

The coordinates of the four vertices of each facet are obtained
by using the values of the third and fourth controls obtained
above and the four combinations of minimum and maximum con-
straints for the first two controls. That is, for the facet that lies
at the maximum, the ailerons are -f 1 and the rudder is —1, and
the four combinations are {+1, +1, +1, -1}, {+1, -1, +1, -1},
{-1,-hl, +1, -1), and{-l, -1, +1, -1}. The coordinates in mo-
ment space are then B times each of these, or {0.7, —2.0,0.1},
{1.1, -1.0, -0.5}, {0.3, -1.0, 0.7}, and {0.7, 0.0, -0.1}. This oper-
ation is repeated for the opposing facet, eliminating the two interior
facets in Fig. 1.

We continue this process, taking the controls two at a time, and
finally arrive at the completed attainable moment subset. Figure 1
in Ref. 2 is typical of the results obtained using this method.

In describing the method to be used to determine the facets, we
assumed that none of the parallel facets in the constrained control
subset projected to the same plane in the attainable moment subset.
Mathematically, this assumption is invalid if there are any 3 x 3
submatrices of B that are less than full rank. Physically, this condi-
tion will exist if the action of any single control may be duplicated,
without consideration of the constraints, by the combination of one
or two others.

If any of the 3 x 3 submatrices of B are less than full rank, one
should add physically insignificant deltas to the appropriate entries
to remove the singularities. Although the resulting submatrices will
be poorly conditioned, the operations described above may be com-
pleted. The effect of modifying the entries is to provide a tie breaker
in the event of nonunique solutions on the boundary of the attainable
moment subset.

Conclusion
The algorithm presented in this Note is computationally simple,

requiring only the inversion of a 2 x 2 matrix and subsequent multi-
plication of an m-dimensional control vector (where m is the number
of controls) by the control effectiveness matrix to calculate the coor-
dinates of each vertex in moment space. With the condition that there
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be no completely redundant controls, the algorithm directly identi-
fies each of the m (m — 1) facets of the attainable moment subset with-
out searching or iteration. Since there are 2(m~2)m!/[(2!(m - 2)!]
faces in the subset that are potentially on the boundary, the com-
putational savings of this algorithm over a brute-force search can
be impressive. Further computational savings can be achieved by
noting that the vertices of a particular facet are always shared by
other facets, and their coordinates need not be recalculated for each
new facet.

For example, with 20 controls, there are almost 50 million facets
in the subset of constrained controls, and the image of each of these
is potentially a facet in the subset of attainable moments. Since facets
are generated in pairs, the algorithm will identify the 380 facets out
of the 50 million candidates in 190 passes. Whereas each facet has
four vertices, there are not 4 x 380 = 1520 separate vertices to be
calculated, but only m(m — 1) + 2 = 382 vertices.

The ability to calculate attainable moment subsets rapidly and
reliably has two important benefits. First, one need not precalcu-
late the subsets for use in allocating the controls in flight. Instead,
aerodynamic tables of control effectiveness may be interpolated on-
the-fly and new moment subsets generated for any flight condition
encountered. Second, the attainable moment subset may be recalcu-
lated immediately following the identification of a control effector
failure. The failed control effector is simply removed from the prob-
lem, both in the B matrix and in the control vector. If the control
law used in the flight control system deals with generalized controls
(three orthogonal moment generators) and leaves the actual allo-
cation of the surfaces to the allocator, then the control law proper
will be oblivious to the failure of a control effector, so long as the
remaining effectors are capable of generating the moments implied
by the generalized controls.

The determination of the attainable moment subset only solves
half of the control allocation problem. The other half, the actual
allocation of controls based on the moment subset description, is not
a difficult task. Following this discussion, we conclude that real-time
implementation of the algorithm presented in this Note, as part of a
multicontrol effector control system, is both practical and desirable.
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Introduction

A PROPOSITION and its proof relating the determination of
asymptotic stability of nonlinear differential equations to ro-

bust stability theory for structured uncertainties are introduced. An
example illustrating the resulting technique is presented.
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Proposition
The nonlinear state equation is written

x = A(x)x (1)

where the elements of A(x) range according to all possible values
of the components of x.

If required, the elements of A(x) can always be bounded with
finite values by a suitable change in the time scale given by

S" = *(*) (2)

where t is the original time scale, T is the transformed scale, and

g(x) > 1 (3)

The resulting system of equations

dx A(x)
dr ~ g(xY (4)

has bounded coefficients of x and is asymptotically stable at the
equilibrium point of 0 if Eq. (1) is and vice versa.

The elements of the bounded matrix can be considered to belong
to interval sets. Thus for a bounded B(x)

Btj e [min B/7, max #/;] (5)

where the brackets denote an interval set.
The proposition for determining asymptotic stability of the orig-

inal nonlinear equations is that robust stability theory (i.e., using
the classical Routh-Hurwitz array with interval arithmetic1) for
structured uncertainties can also be applied to those equations (de-
rived from the nonlinear equations) that contain interval sets of the
type (5).

Proof of Proposition
If the original differential equation (1) is asymptotically stable

and has a suitable autonomous Lyapunov positive-definite function
v(x) in the domain 0 < x < xm, then

dvdx dv— — = —A(x)xdx dt 8* ;

dv
— A(x)x = w(x)
ox

w(x) < 0

(6)

(7)

(8)

and w(x) is negative definite according to Lyapunov's direct
method.2

After the suitable time scale change given by Eq. (4) we have

ch;dr _ dv A(x)
'dxdr ~ ~dx g(x)*

dv A(x) _ w(x)
<0

(9)

(10)

because of Eq. (3).
Thus the equations with the new time scale r are asymptotically

stable if the original equations are and vice versa.
Therefore, we assume in the domain

(11)

that suitable time scale changes have been made to yield

(12)
OT

where the elements of B (x) are bounded by finite values. That is,

(13)


